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Abstract 

The target-space interpretation of the exact (in a') reflection coefficient for 
scattering from Euclidean black-hole horizons in classical string theory is studied. 
For concreteness, we focus on the solvable S'L(2,M)fc/t/(l) black hole. It is shown 
that it exhibits a fascinating UV/IR mixing, dramatically modifying the late-time 
behavior of general relativity. We speculate that this might play an important 
role in the black-hole information puzzle, as well as in clarifying features related 
with the non-locality of Little String Theory. 
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1 Introduction 


Since the work of Bekestein [T] and Hawking [2], the study of black holes at the quantum 
level received much attention. In comparison, classical stringy corrections {qs = 0 and 
hnite a' = 1^) received little attention. The reason is that it is widely believed that 
they are negligible for large black holes. Indeed, it has been known for a while [3] 
that perturbative a' corrections have a tiny effect on the physics of large black holes. 
This is well understood, as such corrections are described by irrelevant terms that are 
parametrically small at the horizon of a large black hole. 

Motivated by |1], we recently argued 0 El El El E] (for recent related and potentially 
related works see [inilllliniiialllllllsllle] and (mm], respectively) that this is not the 
case for non-perturbative a' corrections, which play an important role at the horizon. 
The argument is clearer in the Euclidean version of the black hole ~ the cigar geometry. 
It is particularly sharp for the cigar sigma-model obtained in the coset SL{2, M)fc/I7(l), 
since then we have an exact CFT description. 

In this paper, we continue the study of strings on SL{2, M.)k/U{l). Following [9], we 
focus our attention on scattering amplitudes in this geometry. To allow on-shell states 
in string theory, we add an extra time direction, t, and consider large t processes in the 
small curvature (large k) limit. One may suspect that in this case stringy corrections 
have negligible effects. The main point of the paper is to show that this is not the case, 
and that non-perturbative a' corrections in fact lead to an interesting UV/IR mixing 
that could potentially lead to a better understanding of the black-hole information 
puzzle and reveal new features of Little String Theory (LST). 

The paper is organized as follows. In section 2, we review the set-up and calculation 
of the reflection coefficient, associated with scattering in the cigar geometry. In section 

3, we show that the exact reflection coefficient [I9] leads to UV/IR mixing. In section 

4, we discuss the physics that led to this UV/IR mixing and, in section 5, we emphasise 
the sensitivity of the results to coarse graining. Section 6 is devoted to a discussion 
and, hnally, some details are presented in an appendix. 

2 The reflection coefficient 

In this section, we review the reflection coefficient associated with the coset CFT, 
S'L(2,M)fc/f/(l). We begin by describing the setup, and then move on to recall the 
derivation of the classical reflection coefficient. Finally, we briefly review the exact 
CFT result. 
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Figure 1: A plot of the classical geometry induced from the 517(2, M)fc/f/(l) coset 
model - a cigar that pinches off at p = 0, which upon Wick rotation, corresponds 
to the horizon. Asymptotically, the classical solution of the Klein-Gordon equation is 
a sum of incoming and outgoing radial waves with radial momentum p and angular 
momentum i. The time direction t imposes the on-shell condition. The manifold M is 
not pictured. 


2.1 The setup 


We wish to study the coset CFT, 55(2,M)fc/[/(l), whose sigma-model background 
takes the form of the cigar geometry [201 EH EOl EO] , 




2k tanh^ 



dO'^ -I- dp^ , 


exp(2$) 



( 1 ) 


The angular direction 9 has periodicity 27r, compatible with smoothness of the back¬ 
ground at the tip, and $ is the dilaton. We work with a' = 2. In the supersymmetric 
case, the background ([^, which is obtained e.g. by solving the graviton-dilaton e.o.m. 
in the leading GR approximation, is perturbatively exact in a' [211125]. 

We intend to probe this model with primary helds that correspond to high-energy 
modes, which propagate on this background (see figure [^. The reflection coefficients 
associated with such modes are known exactly [19] . We shall take advantage of this fact 
and attempt to extract some target-space information about the cigar theory, which 
hopefully provides us with data that goes beyond the GR solution ([^. 

In terms of the underlying 5L(2,M) representation, these modes are in the contin¬ 
uous representations, 

j = —1/2 +is, s G M, (2) 
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where s is related to the momentum in the radial direction. More precisely, it is 


( 3 ) 

where p is the momentum associated with the canonically-normalized held p, corre¬ 
sponding to the radial direction, at p —>■ cxd. Additional quantum numbers, associated 
with the probing modes, are m and rh, which are related to i, the angular momentum 
along the 6 direction, and uj, the winding number on the semi-inhnite cigar, via 



(m, m) 


1 

2 


(£ -|- ku, —i + kuj). 


( 4 ) 


Our main focus is on GR-like modes, with w = 0, so that m = —fh = t'/2. 

We would like these modes to correspond to on-shell states in string theory. Hence, 
we add an auxiliary time direction, t. Denoting the energy associated with t by E, the 
on-shell condition reads 

o y f + 1 

E =P (5) 

A compact manifold, M, that plays no role here, is also added so that the string-theory 
background is critical. 

Note that this setup is (a particular, weakly coupled) Little String Theory, which 
is closely related to Double-Scaled LST (see e.g. [26] and references therein). Thus, we 
are studying here physics associated with peculiarities, such as non-locallity, of LST; 
we shall discuss this further in section 6. 

The exact reflection coefficient can be written as a product of the perturbative (GR) 
reffection coefficient and a non-perturbative correction in a' [T9] . 


m, ?7l) Rpert{,3 ) Rnon—perti^j') ■ 


( 6 ) 


The perturbative part, as the name implies, can be derived from GR plus perturbative 
a' corrections. In the supersymmetric case, on which we focus on here, there are no 
perturbative a' corrections and, as we review below, Rpert{j',m,7n) can be derived by 
solving the wave equation in the curved background ([^. 

The non-perturbative part comes from the exact computation of the reflection co¬ 
efficient in the quotient GFT. Its physical origin can be traced to the condensation of 
a tachyon held, associated with a winding string near the tip of the cigar. 
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2.2 The GR reflection coefficient 


For a scalar field a(p, 9, t), Rpert can be obtained by solving the Klein-Gordon equation 
on the cigar background ([^. This equation takes the form 




(sinh (cosh ( 








^ (A) 


2k smli(^) 


dg a 


— sinh 


P 






(7) 


It is convenient to put it in a canonical Schrodinger form. This is done by defining 
u{r) = sinh^'^^(r) a(r), where r = \J\P- Plugging the on-shell condition (5) for a mode 
with some angular momentum ^ and energy E gives, 


— dl + V{r) )M(r) = u{r), 


( 8 ) 


with 


V (r) = cosh ^(r/2) 




coth^(r/2) -I- 


1 

16 


(9) 


This equation can be solved exactly in terms of hypergeometric functions, whose asymp¬ 
totic behavior gives 


Rpert = 


T{m-j) 


r(- 


-m 


j) 


r(i + 2j) 


r(m - (-J -1)) r(-m - (-J -1)) r(i + 2(-j -1)) ‘ 


( 10 ) 


1 / is a constant that is related to the value of the string coupling at the tip. It is 
convenient to choose z/ = 1/4 so that, as in standard QM, at high energies the phase 
shift becomes trivial. With this choice, we can expand the GR phase shift at high 
energies to hnd 

2P — 1 

^ert = -vr(l/2 + |£|) + -f 0{s-^). (11) 

The first term is the trivial term in that is induced by the centrifugal potential. 
When considering scattering in this term is usually omitted. Here we consider 
scattering on the cigar and we keep it as a useful reference to know at which energies 
is a good approximation. 

The second term is the leading curvature correction to Near the tip, the po¬ 
tential (|^ agrees with the centrifugal potential in The difference between the two 
is responsible for this second term in the phase shift. Equation ( pT| implies that this 
difference becomes important at distances of the order of \/~k from the tip, which indeed 
is the distance at which the approximation to the cigar breaks down. 
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2.3 The exact reflection coefficient 

The way the reflection coefficient is calculated in the exact coset CFT is the following. 
We consider the vertex operators on the cigar that correspond to j = — | + is, which 
asymptotically take the form (see e.g. [26] ) 

~ + RcftU-, m, m) . (12) 


An overall m and fh dependent pre-factor, that plays no role here, was omitted. The 
two-point-function of such operators, normalized such that the coefficient of their 
asymptotic incoming piece is 1, gives the reflection coefficient One can 

calculate it via the original bootstrap approach [19] and/or with the help of screening 
charges [271128] to get eq. 0. where the non-perturbative correction to the reflection 
coefficient takes the form 

r(i + ap) 


Rnon—pert 


r(i 


2i+l - 

k 


(13) 


From a target-space perspective, the term (13) is interesting since, unlike Rpert, it 
contains information that goes beyond the GR background ([^. In particular, ( jl^ is 
controlled by a scale Ig/Vk, which is much shorter than the GR scale, y/klg, in the 
large k limit. Our main goal here is to extract the target-space meaning of (13). 

Naively, one may suspect that this goal cannot reveal dramatic modifications to GR, 
as it seems that Rnon-pert is induced by standard irrelevant terms, and so is negligible 
compared to Rpert- In particular, Rnon-pert takes a similar form to the last ratio of F 
functions in Rpert, (10), only with a much shorter scale. This is related to the exact 
calculation of the reflection coefficient in Liouvile theory |ZH|. Thus, it may be hard 
to imagine that it could have a distinct effect. It turns out, though, that in the cigar 
geometry, unlike in Liouvile theory, this reasoning is misleading [9]. 

As discussed above, at high energies, the other four F functions (that do depend 
on m and ffi) cancel the leading behavior of the other two F functions that appear in 
Rpert, SO that we end up with eq. 0. This is the reason that the phase shift goes to 
zero at high energies. Or, more generally, if we do not fix z/ in (10), that the density 
of states, defined by 


p{s) = 


1 d log R 


(14) 


2711 ds 

goes to a constant at high energies. This is a general result for scattering in QM. 
Hence, we expect any perturbative a' and Ps corrections to have this property. Such 
corrections will modify the sub-leading terms in ( [IT| ), but not the leading term. The 
reason is that this term merely reflects the fact that there is a centrifugal barrier at 
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the tip, which is induced by the use of radial coordinates. Since perturbative a' and 
Qs corrections do not render the tip special, they cannot modify the leading behavior 

in Q. 

However, as argued above, the origin of Rnon-pert is a non-perturbative a' effect, due 
to the condensation of a tachyon held, associated with a wound string. It was argued 
in 0-0 that this non-perturbative mode does mark the tip as a special point, even at 
large k. Hence, it is not clear that Rnon-pert should yield a constant energy density at 
high energies. Put differently, if Rnon-pert modihes the leading behavior of Rpert, then 
it is very likely that the tip of the cigar is a special point, even at parametrically small 
curvature. 

In [9], it was pointed out that at high energies, p 3> \/fc, the phase shift induced 

by Rnon-pert Is 


(5 


non—pert 


2 


plog(p) 3> 1 . 


(15) 


This means not only that Rnon-pert becomes the dominant factor, but that it modihes 
in a rather dramatic way the behavior of the GR phase shift (and energy density) at 
high energies. Some aspects of this drastic modihcation were discussed in [9] . Here we 
elaborate further on its consequences and origin. 


3 UV/IR mixing 


So far, the extra time direction, t, was a spectator in the analysis; it was needed for 
allowing the on-shell condition (|^, but besides that it did not play any role. In this 
section, we study the dependence of the rehection coefficient on t, focusing on large 
time scales. 

The time dependence of the rehection coefficient is obtained in the standard way. In 
the previous section, we discussed Ri{p). Using the on-shell condition in string theory, 
(|^, we can write the rehection coefficient as a function of energy, Ri{E). The Fourier 
transform of Re{E) is denoted by /^(t). Since the rehection coefficient is obtained 
from a two-point-function calculation, we can view /^(t) as a correlator at some time 
separation t, 

m ^ (a(t)(p,(o)). ( 16 ) 


A motivation to inspect (16) comes from I3D1, in which similar expressions were studied 
in the context of the AdS/CFT correspondence. There, the behavior at exponentially 
large times can be viewed as an order parameter for the topology of thermal AdS. Some 
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puzzles concerning the thermal CFT versus thermal AdS were raised in [HT] . Resolving 
these issues is likely to shed light on the information puzzle. 

Here, however, the situation is quite different than in [30]. First, we consider the 
Euclidean setup with an extra time direction (the Lorentzian case will be discussed 
elsewhere [S2])- Second, unlike in AdS/CFT, here we have a continuum at inhnity that 
renders the Poincare recurrence argument, discussed in [301 [3T] . irrelevant. Still, we 
have an exact result and it is interesting to see what its Fourier transform gives. As 
we shall see, it is much more dramatic than Poincare recurrence. 

The important features of fi(t) do not depend on i. The reason is that, as is clear 
from ([^, £ is relevant at low energies, while the effect we wish to describe is due to 
high energies. Hence, for simplicity, instead of working with (|^, we take E = p, and 
denote the result of the Fourier transform by f{t). 

Since we focus on the long-time behavior of /(t), one may suspect that the non- 
perturbative correction plays no role. More precisely, the relevant energies for the 
non-perturbative correction are of the order of y/k/lg- Hence, they are expected to be 
negligible for t S> h/Vk. Intriguingly, this turns out to be wrong. Below, we show 
that, in fact, the correction due to the winding string condensate becomes more and 
more dominant as we increase t. In other words, this is an example of UV/IR mixing: 
from energy point of view, the non-perturbative correction affects only the UV, but it 
modihes drastically the IR in time. 

We shall begin by considering the Fourier transform of the reflection coefficient 
in GR, Rpert- Then, as an educational warm-up exercise, we consider the Fourier 
transform of the piece arising due to the winding string condensate, Rnon-pert- Finally, 
we address the Fourier transform of the exact reflection coefficient, Rcft- 

3.1 The Fourier transform of Rpert 

Using F-functions identities, the relevant expression reads 



where we used the choice of normalization, u = 1/4, and the simplifying p = E 
framework. This integral can be performed exactly (see appendix). Here, we just 
discuss some aspects of its asymptotic time behavior. 

For positive t, we close the contour of integration with an arc of inhnite radius on 
the lower half of the complex plane, and so the large t behavior is controlled by the 






nearest pole in the lower-half plane, which gives 


/pert(t ^ oo) =(18) 

For negative t, we close the contour with an arc of inhnite radius on the upper half of 
the complex plane, and so the large t behavior is controlled by the nearest pole in the 
upper-half plane, which gives 


fpertit t Oo) 




(19) 


To recapitulate, we see that in GR, while there is an asymmetry between negative and 
positive separation]^ the result on both sides vanishes exponentially fast asymptotically 
in time, as expected. 


3.2 The Fourier transform of Rnon-pert 

Next, we turn to the Fourier transform of Rnon-pert- As we show, this is a useful 
exercise, prior to calculating the Fourier transform of the full reflection coefficient. 
The relevant integral reads 


f non—pert (^) 



( 20 ) 


This integral, too, can be solved exactlj]^ (see appendix); here, we focus on educational 
properties concerning its asymptotic time behavior. 

There are two important related differences between this integral and the GR case; 
both are due to the fact that at high energies 


R. 


non-perl ~ CXp -B log-B) . 


( 21 ) 


First, this means that if we wish to perform the integration with the help of the residue 
theorem then, regardless of the sign of t, we are forced to close the contour on an arc of 
inhnite radius on the upper half of the complex plane. Second, the asymptotic behavior 
of Rnon-pert also meaus that at large and positive t there is a saddle point. We can write 

Whe reason for the asymmetry is that we calculated dE exp{—iEt) R{E), that is the same as 
Re (Jp°° dE exp{—iEt) R{E)^, which is not invariant under t —>■ —t; an integral that is invariant under 
time reversal is e.g. Im dE exp{—iEt)R{E)). 

Ht is closely related to the kernel calculated in [HH] . 
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the integrand as a phase, and check when it is stationary. For t ^ the equations 
become simple, and we hnd that there are two saddle points, at E = EEgp, where 


\l 2^^ 


( 22 ) 


This saddle point is exponentially large in t, and so it gives contribution only from very 
high energy. Equation (22) is, in fact, the hrst hint for UV/IR mixing - the stringy 
correlation functions at large t are dominated by high energy modes. 

The saddle-point approximation gives, for large and positive t, 




fnon—pertif t CX)) 6^ 



— i / — 

2 ' cos 2e 2 


TT 

+ 4 


(23) 


This result is vastly different from the GR behavior. First, the amplitude grows expo¬ 
nentially with t. Second, it oscillates wildly. As we shall see, the fact that it oscillates 
faster than the amplitude grows has important consequences. 


3.3 The Fourier transform of Rcft 

At last, we are ready to analyze the Fourier transform of the full reflection coefficient, 
Rcft, 

r(-2.yii;) r(,^g) / r (.yij;) ^' 

(24) 

If we wanted to find the exact form of f{t), then by the same reasoning as in the 
previous subsection, we had to close the contour with an arc at infinity on the upper- 
half plane. 

Our goal here is more modest; we seek to find f{t) only at large and positive t. 
With that goal in mind, a convenient contour is the one described in figure On 
the left of figure we have the contour of the integral we are after. By the residue 
theorem, it is equal to the integral over the contour that appears on the right of the 
equality minus the residues, as indicated in the figure. For large and positive t, the 
contribution of the arc in the first term on the right of figure is negligible, and the 
straight lines are dominated, as in the previous subsection, by the saddle point, which 
gives 

f{t —)■ CX)) = — Y^^^e^V^Wos ^2e5VT* -|- . (25) 

^At large and negative t, the non-perturbative correction leads to a negligible correction to the 
perturbative result. 


f{t) = -— [ 

J — OO 
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Figure 2: We deform the integral on the real axis and subtract the residue contributions 
of the poles that crossed the contour due to the deformation. The integral over the 
arc in the first term on the right hand side is very small, and so the entire term is 
approximately equal to the saddle-point contribution alone. 


This part is identical to the stringy-only result for large t, (23). 

At large t, the dominant contribution from the poles comes from the first pole, 
whose contribution is, up to tiny corrections, well approximated by (18). Therefore, at 
large t, we hnd that 


f(t -» oo) 



(26) 


Here we ignored the constant phase in the hrst term, which is unimportant at large t 
and/or large k. The reason we care about the second term, which is due to the large t 
behavior of the GR piece, although it appears negligible compared to the first one, is 
that it does not oscillate with time. As we shall show below, this is crucial when we 
coarse grain this expression]^ 

Comparing f(t) with fpert{t), it is evident that the correction due to the winding 
string condensate induced UV/IR mixing. The large t behavior of f{t) is drastically 
different than that of fpert{t) (see figure 3). Technically, the reason for that is the fact 

^Using the exact on-shell condition - (|^ with generic, finite angular momentum i (instead of 
E = p), would only modify the large t behavior of the GR piece (the second term) and not the 
universality of the first term (the one due to the winding string correction). 
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Figure 3: The perturbative (red) and non-perturbative (black) contributions are plot¬ 
ted. At large and negative t, the non-perturbative contribution is negligible. However, 
at large and positive t, it is dominant. 

that the stringy correction affected the UV (in the energy sense) in such a dramatic 
way, that it generated a saddle point that does not exist in GR. In the next subsection, 
we discuss the physical origin of this saddle point and its generality. 

3.4 Origin of the UV/IR mixing and generality 

From a mathematical stand point, the origin of the UV/IR mixing is the fact that the 
non-perturbative correction induced a saddle point in the integral that defines f(t), 
which is simply absent in the perturbative, GR expression. In this subsection, we 
discuss the physical origin of this saddle point and its generality. 

The physical process that we considered involves sending a wave from infinity that 
spends some time at the cap of the cigar - the region where the curvature is 
before scattering back to infinity. The two-point-function is sensitive to the amount of 
time the wave spends at the cap. In GR, this time is finite for any energy E, including 
the limit E ^ oo. As a result, at positive and large t, we merely see the tail of the 
wave function that drops exponentially. 

The winding string correction changes this in a dramatic way. The full phase shift 
implies that as we increase the energy, the wave is spending more and more time at 
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the cap before scattering back to infinity. The exact CFT phase shift implies that for 
any time separation, no matter how large, there is an energy E{t) such that the wave 
is spending just the right amount of time at the cap to scatter to inhnity at t. Since 
this happens at very high energies, the wave propagation is well approximated by a 
massless particle trajectory (see hgure 6). The fact that the wave propagation is well 
approximated by this particle trajectory is the physical origin of the saddle point in 
the integral. 

In the next section, we elaborate on this particle trajectory, and address natural 
questions such as: where in the cap does the wave spend the extra time? And, what 
happens at lower energies? Below, we address a different question; how general is the 
UV/IR mixing that we discussed? 

Although we presented a concrete example - the SL{2)k/U{l) SOFT, we believe 
that our results are more general. What goes into our derivation are the following 
facts: (a) At high energies the GR/perturbative reflection coefficient goes to 1. (b) It 
is dressed by a non-perturbtive factor, Rnon-pert{E), with an i? log(i?)-type behavior. 
As discussed in section 2, we expect (a) to be generic and, in particular, to hold in 
Schwarzschild black holes in four dimensions, (b) is more subtle. The fact that the 
full reflection coefficient can be written as a product of the form ([^ is a non-trivial 
property of the coset CFT, 517(2, M)fc/f/(l), and it is unlikely to be generic. However, 
the origin for the large phase shift in SL{2, M.)k/U{l) is the condensation of the wound 
string at the tip. Since this condensation |1] and its features mun are believed to 
be general - for any cigar-like CFT background, it is natural to suspect that the large 
phase shift and the UV/IR mixing are generic as well, in such cases. Needless to say 
that it would be nice to make this concrete. 


4 Effective description of the stringy correction 


The discussion so far used information that is natural in string theory - the S-matrix. 
This S-matrix information illustrates perplexing features, but it does not reveal its 
meaning. In particular, we showed that even for large k and at large t separation, 
the background ([^ is missing important physics, since it naturally leads to the second 


term in (26), but not the dominating hrst term of (26). 


In [9], we showed that, as it is often the case in string theory at large i? the 
string theory S-matrix is dominated by a saddle point. The target-space shape of this 
saddle point is an additional useful information. In [2j, it was shown that the shape 
of the saddle point goes beyond the tip of the cigar into a region that simply does not 
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exists in Q. 

In this section, we study the target-space meaning of the CFT two-point-functions 
using an effective description. We do so both at low {p <C \/k) and high {p ^ \/k) 
energies. Note that a “low” energy can still be much larger than the curvature scale, 
l/Vk, and even the string scale, 1. The effective description we use treats the string as 
a point particle. The justification to use this approximation comes from the observation 
of |9] that it is the zero-mode integration in the full stringy problem that is responsible 
for the large phase-shift. 


4.1 Low energy 


At low energy, we can expand the phase Rnon-pert{,s/k) = e ^ powers 

of s/fc, 

^non—pert C\sjk -|- c^{s/k)^ ... . (27) 

The linear term can be absorbed into the definition of u, so the first interesting cor¬ 
rection is the cubic term, for which cs = |C(3) and, therefore. 


^non—pert 


po 


(28) 


Note that the sign in (28) is positive. The first question we wish to address is: when 


does Snon-pert becomes important compared to SperJ We consider energies that are low 


compared to y/k, but are much larger than 1/y/k, so that the expansion (11) is valid. 


We see that at low energies, the trivial part of (11) always dominates 6non-pert, and 
that for 

(29) 

^non-pert IS larger than the curvature contribution to Spert- Thus, in the large k limit 
(with a fixed i), there is a range 


Vk '> p'> 


(30) 


in which the stringy correction, and not the cap curvature, is the leading deformation of 
In this range, the density of states becomes an increasing function of p. However, 
the approximation still does not break, since the increase in the density of states 
can be accounted for by a modification of the centrifugal potential of (see figure]^. 

To make this more precise, we can work in the “Schrodinger frame,” in which the 
kinetic term is canonical, and ask what modification to the centrifugal potential is 


required in order to get 6non-pert- Since in the range (30) 6non-pert 1, we expect 
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Figure 4: A plot of the effective stringy correction to the centrifugal potential. To 
leading order, the addition of phase shift A6i pushes the turning point po so that 
Apo = A^i/p. At low energies, the stringy phase shift is small and we can hnd an 
effective potential close to the GR one. To account for the phase shift at high energies, 
the turning point is at negative p - a region that does not exist classically. 


this modihcation, which we denote by AV, to be much smaller than the centrifugal 
potential. Writing V = Veen + AV, we can approximate AV using the leading term in 
the WKB approximation, 

AR ~ ^-^dpVeen. (31) 

P 


Since Wen = r we have p = i/p, and so using (28) we get 


AR 


fc3/2 


p= 


(32) 


The minus sign implies that R < Veen, as it should (see £gure|^. As expected, at low 
energies this is a small effect. Indeed, AR is of the order of Veen at p ~ which 


in momentum space means the upper bound in (30). 


Since it blows up at the tip, (32) appears to mark the tip as a special point in the 


cigar geometry. One may wonder if we missed a less radical explanation to Snon-pert 
that does not mark the tip as a special point, because of the fact that we worked in 
the “Schrodinger frame.” In particular, is it possible that AR is merely one term out 
of several irrelevant terms that sum up into a standard higher order correction to GR, 
such as an term? In such a case, it would not indicate that the tip is special. 

Put differently, the centrifugal term is obtained from □<!), which clearly does not 


mark the tip as a special point. Gan we similarly get (32) from some other, less relevant. 


terms? Since (32) includes W, we can try This, however, gives i'^/p'^ and not 
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j. In order to obtain an additional factor of 1/p, we can try dp but this is not 
a scalar. To turn it into one, we can try d^O with O a scalar like the curvature 

or dilaton. However, in the cigar background it appears that O is always a series of 


even powers of p, and so it cannot give rise to (32). 


This reasoning seems to imply not only that the stringy correction is non-perturbative 
in a' (as perturbative a' corrections do not mark the tip special), but also that it can¬ 
not be written as an irrelevant term in the standard Wilsonian approach. In fact, 
non-Wilsonian terms, such as the ones discussed in EH, appear to be needed here. It 
is tempting, therefore, to think of the wound string condensate as the horizon order 
parameter anticipated in m- 

4.2 High energy 

What happens when we probe the cigar with energies much larger than a/^? Then we 


have (15), which means that 5non-pert becomes so large that, for hxed £, it dominates 
even the trivial term in 5pert- In other words, the modihcation to the centrifugal 
potential is so large that (15) cannot be accounted for in as the required phase 


shift takes p to be smaller than 0 (see hgure |^. Hence, as the full stringy analysis 
implies [9] , we have to consider extension of beyond the origin. 


The phase shift (15) can be reproduced by an effective exponential potential. 




V = ce 


with c = 2k. 


(33) 


Any positive value of c is consistent with ( |15[ ). What determines c is Snon-pert and the 
reference “trivial” part of 5pero meaning, the demand that sub-leading terms reproduce 
the phase —7r(l/2 -|- l^l). 

This effective potential is the same as the radial potential in Sine-Liouville theory 
that is FZZ-dual to the cigar theory [23 ES]- We see that the effective description 
leads to the same conclusion as obtained by the full string theory analysis [9] , namely, 
that at high energies the coset SL{2, M.)k/U{l) is better described by the Sine-Liouville 
theory than by the cigar geometry. 

The fact that c ^ k goes well with the fact that the transition between the low 
and high energies takes place at p ~ \/k. As discussed above, at that momentum the 
correction to the centrifugal barrier is of order 1 (in units of the centrifugal barrier). 


The value of the centrifugal barrier at such energies is of order k, as is the value of (33) 


around p = 0. It is natural to suspect, therefore, that the full potential is a monotonic 
decreasing function of p that interpolates between the classical potential to the right 
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Vip) 
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Figure 5: The full potential at high energies. The red curve is a natural interpolation 
between two asymptotic curves: the dotted line on the right is asymptotic at p —)■ cx) 
and behaves like the classical centrifugal potential, 1/p^, while the dotted line on the 
left is asymptotic at p —>■ —oo and behaves like the Sine-Liouville potential, 


and the Liouville potential to the left (see figure]^. Numerical simulations support 
this claim. 


A closely related quantity was calculated in [U]. There, with the help of [3H] and 
[39], the ratio between the canonically normalized semi-classical wound tachyon mode 
and the canonically normalized semi-classical dilaton mode was found to scale like k 
in the large k limit. This goes well with c ^ k, since the wound tachyon is the origin 
of the large phase shift. 

We have just concluded that in string theory the tip of the cigar is effectively glued 
to a Sine-Liouville space. It would be nice to know how big this gluing region is. To 
answer this question, we evaluate the cross section, <j{p), associated with 5non-pert- 
The calculation of quantities relevant to scattering in 2-1-1 dimensions is done in a 
manner (reviewed e.g. in [10|) very similar to 3-1-1 dimensions. We write the boundary 
condition for the wave function as 


^(p, 6) = + ^pf(Q) ^ 

v P 


(34) 


Similar manipulations as in 3-1-1 dimensions give 



( 35 ) 
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and the total cross section is 


cr(p) = ^ |^sin2((5o) + 2^sin2((5£)j . (36) 

At high energies, the phase shift 3> 1 and does not depend on i, and so we get 

a(p) ~ ^ . (37) 

P 

where imax is the bonnd on the validity of the approximation that we are nsing. 
A reasonable way to estimate imax is to see at what i the cnrvatnre correction to the 
trivial phase shift of is of the order of Snon-pert- This gives imax ~ P'\/log(p), which 
in tnrn implies that 

a{p) ~ \/\oM ■ (38) 

Hence, np to logarithmic effects, the size of the defect at the tip is order 1 in stringy 
nnits, in agreement with [H]. The logarithmic term can probably be attribnted to 
the fact that we can penetrate deeper and deeper into the Sine-Lionville defect as we 
increase the energy. 

With these resnlts in hand, we can make clearer the statement that the physical 
sonrce of the saddle point is a high-energy particle trajectory. For a particle with 
£ = 0, we neglect the 6 direction in the target space and are left with an effective 
1-1-1 dimensional space that is eqnivalent to Minkowski space-time and is presented in 
hgnre 6. At high enongh energies, a massless particle can propagate for some time At 
into the “Lionville space” that does not exist in GR. The time a mode with energy E 
spends on the Lionville side is At ~ log(F^), meaning that more energetic particles 
will scatter to radial inhnity at later times, giving an intnitive nnderstanding of the 
origin of the UV/IR mixing shown previously. 

5 Coarse graining 

In the previous sections, we saw that at large t separation the non-perturbative cor¬ 
rection modihes the two-point-function of GR in a drastic way, even for large k. In 
“reality,” there is always some uncertainty in t, which we denote St. In this section, we 
show that unless St is exponentially small, at large t, it washes away completely the 
non-perturbative effects. Goncretely, up to tiny corrections, 

^coarse-pra^n^^-^ = /pe.t(t), (39) 
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Figure 6: Diagram (a) shows the trajectory of a massless particle in the classical the¬ 
ory, or of a low-energy mode in the theory that includes non-perturbative corrections. 
Diagram (b) shows the trajectory of a massless particle with high energy in the full 
theory. The particle spends a time At at the origin and thus connects points on 
and with a large time separation. 


where we dehne the coarse-grained Fourier transform in the following way: 




JCoarse-gra^n^^^ = f / f{t')dt'. (40) 


5t 


The reason this averaging has such a drastic effect is simple. Indeed, the non-perturbative 
contribution to f{t) grows exponentially fast with t, but, unlike fpert{t), it also oscil¬ 


lates with time. As can be seen from (26), it oscillates much faster than the amplitude 
grows. For 

St > (41) 


the averaging over the oscillations leads to a signal that goes like 


04V 2*e 2 


2* = e-ivf*- 


(42) 


the hrst term on the left hand side is due to the exponential growth of the amplitude 
and the second term is due to the averaging over the oscillations. We see that the left 
over, after coarse graining the stringy effect, vanishes much faster than fpert{t), which 


means (39). 


This is another aspect of UV/IR mixing: extremely sensitive to 


the ratio 


r = 


y/kt 

\og{6t)\ 


(43) 
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For r 1, we get fpertit), while for r S> 1, we get f{t). However, the fact that St ^ 1 
is a UV scale and f 3> 1 an IR scale does not £x r. 

6 Discussion 

We believe that the UV/IR mixing investigated here, could improve our understanding 
of both the black-hole information paradox as well as features of Little String Theory 
(see e.g. [26] and references therein). We discuss each, in turn. 

It is widely believed that, quantum mechanically, the black hole does not lose 
information and that the information is encoded in “quantum hair.” When we coarse- 
grain over the quantum states of the black hole, we conclude that the information is 
lost. Something similar is happening here. The non-perturbative effects in Ig dominate 
the perturbative ones, as long as we are able to specify t with an exponentially good 
accuracy. The longer we wait the better the accuracy has to be so that we see the 
“stringy hair” associated with f{t). This is very likely to remain a feature of Lorentzian 
black holes [32] . 

Finally, LST may be dehned as the holographic dual of string theory on asymptoti¬ 
cally linear-dilaton backgrounds [H] |12]. In weakly coupled LST, we should introduce 
a wall in the strong coupling regime. Whenever such a wall is described by a cigar-like 
sigma-model, it falls into the generic class that we have in mind in this work. In par¬ 
ticular, in the DSLST examples in [131 IHl [2S], where (orbifolds of) the SL(2)/U{1) 
SOFT times a real time appear explicitly, the manipulations above apply automati¬ 
cally. From this perspective, the UV/IR mixing we encountered is a manifestation of 
the non-locality of LST. 
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A Fourier transform of R 


A.l The Fourier transform of Rpert 

We solve the integral 


fpert{t) 2^ 




-2i^RE 


T 2i^R:E 


E 


V 


IE 


y 

/ 


( 44 ) 


where the second exponential is compatible with the normalization factor, z/ = 1/4, 
and we simplihed the expression with some F-fnnction identities. 

We perform the integral by closing a contonr of the integration path and snmming 
the pole residnes. The contonr we choose depends on the sign of f - for f > 0 it is easy 
to show that the integrand goes to zero on an arc of inhnite radins in the lower-half 
plane, while for f < 0 it vanishes on an arc in the npper half of the complex plane. 

We begin with f < 0, and close the contonr on an inhnite semi-circle on the npper 
half of the plane. In the npper-half plane, there are poles at En = with n a 

positive integer. The residne of the n-th pole is 


')—An 


and snmming over n gives 


2 r(2n)r(2n + 1) 


iiT \ k r2(n) r2(n-|-1) 


- f 
ev k \ 


(45) 


1 2 

fpert{t ^ ~ 4 y ^ ^ 


‘ Fi(-;-;2;e 

i I 2’2’ ’ 


(46) 


To hnd the asymptotic behavior, we can either take the residne of the hrst pole alone. 


or expand (46) for large t. Both ways give 


1 2 

fpert{t t CX)) ~ 4 y ^ ® 


(47) 


For f > 0, we close the contonr in the lower half of the complex plane and get 
contribntions from poles at En = with n a positive and odd integer. In this 


case, the residnes are 




2”2+2n 


r2(n/2) 


iir \ kT{n)T{n + l)T^{-n/2) 


(48) 


and snmming them gives 


fpert{t > 0) — 2 y k 


62 




p, -2. i. I- g 


- 1 


(49) 
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Again, we can estimate the behavior at long times either from the hrst pole residue or 
directly from (49), to get 


fpert{t t CX)) 



(50) 


A.2 The Fourier transform of Rnon-pert 

The non-perturbative part of the transformed reflection coefficient is given by 


f non—pert (^) 



(51) 


where again we simplihed the expression with T-function identities. It is straightfor¬ 
ward to check that at high energies, the T functions dominate the integrand and so it 
vanishes only on a semi-circle of inhnite radius on the upper-half plane, regardless of 
the sign of t. The residues of the poles are of the form 


\n—l 


^ , I k (-1)^ 


27ri V 2 n\ {n — 1)! 
where n is a positive integer. Summing over the residues gives 


(52) 


fnon-pert{t) = R ^2 6^^') , (53) 

where Ji{z) is the Bessel function of order 1. Expanding for large separation through 
the use of the Bessel-function asymptotic form gives 


fnon-pert{t oo) = - ^e4^/^*cos (^2e2V^‘ 0 . (54) 

This is, of course, exactly the same approximation that was found in section 3, via the 
saddle-point approximation. 
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